Effects of time-dependent applied fields on quantum coupled double-well (DW) systems with Razavy's hyperbolic potential have been studied. By solving the Schrödinger equation for the DW system, we have obtained time-dependent occupation probabilities of the eigenstates, from which expectation values of positions x 1 and x 2 of particles ( x 1 + x 2 ), the correlation (Γ(t)) and the concurrence (C(t)) expressing a degree of the entanglement of the coupled DW system, are obtained. Analytical expressions for x 1 + x 2 , Γ(t) and C(t) are derived with the use of the rotating-wave approximation (RWA) for sinusoidal fields. Model calculations have indicated that x 1 + x 2 , Γ(t) and C(t) show very complicated time dependences. Results of the RWA are in good agreement with exact ones evaluated by numerical methods for cases of weak couplings and small applied fields in the near-resonant condition. Applications of our method to step fields are also studied.
I. INTRODUCTION
Extensive studies have been made for quantum double-well (DW) systems in physics and chemistry where a tunneling is one of intrigue quantum phenomena [1] . Effects of applied fields on DW systems have been studied (for review see [2] ). Various phenomena such as a coherent destruction of tunneling by applied fields were pointed out [3] . The two-level (TL) system which is a simplified model of a DW system, has been employed for a study on qubits which play important roles in quantum information and quantum computation.
Many theoretical studies on effects of fields applied to single and coupled qubits have been reported with the use of the TL model [4] [5] [6] [7] . In contrast to the simplified TL model, studies on coupled DW systems which are commonly described by the quartic potentials are scanty [8] , because a calculation of such a system is much tedious than that of the coupled TL model, even for the absence of applied fields. One of difficulties in studying coupled DW systems is that one cannot obtain exact eigenvalues and eigenfunctions of the Schrödinger equation for quartic DW potential. Then one has to apply various approximate approaches such as perturbation and spectral methods to quartic DW models. Razavy [9] proposed quasi-exactly solvable hyperbolic DW potential for which one may exactly determine a part of whole eigenvalues and eigenfunctions. A family of quasi-exactly solvable potentials has been investigated [10, 11] .
be examined by a comparison between results of the RWA and exact ones evaluated by numerical methods.
The paper is organized as follows. In Sec. II, the calculation method employed in our study is explained with a brief review on Razavy's hyperbolic potential [9] . Equations of motion for populations of four energy levels are obtained from the time-dependent Schrödinger equation of driven coupled DW systems. Expressions for expectation values of particle positions, the correlation and the concurrence are calculated. For sinusoidal fields, we present their analytical expressions by using the RWA. In Sec. III, we report model calculations with the use of the RWA and numerical methods when the sinusoidal fields are applied to the initial ground state. In Sec. IV, calculations are made for sinusoidal fields applied to the initially wavepacket state. Our method is applied also to the case of applied step fields.
Sec. V is devoted to our conclusion.
II. COUPLED DOUBLE-WELL SYSTEM WITH RAZAVY'S POTENTIAL A. Calculation method
We consider coupled two DW systems whose Hamiltonian is given by
where
V (x) = 
Here x 1 and x 2 stand for coordinates of two distinguishable particles of mass m, H 0 signifies a DW system with Razavy's potential V (x) [9] , H C means the coupling term with an interaction g, and H I includes the time-dependent applied field F (t) whose explicit form will be given shortly [Eq. (40) or (88)]. The case of H I which is more general than Eq. (4) will be studied in the Appendix. The potential V (x) with = m = ξ = 1.0 adopted in this study is plotted in Fig. 1(a) . Minima of V (x) locate at x s = ±1.38433 with V (x s ) = −8.125 and its maximum is V (x) = −2.0 at x = 0.0.
Firstly we consider only H 0 in Eq. (2), whose eigenvalues are given [9] 
and whose eigenfunctions are given by
A n (n = 0, 1) denoting normalization factors. Eigenvalues for the adopted parameters are 0 = −4.73205, 1 = −4.64575, 2 = −1.26795 and 3 = 0.645751. Both 0 and 1 locate below V (0) as shown by dashed curves in Fig. 1(a) , and 2 and 3 are far above 1 . In this study, we take into account only the lowest two states with 0 and 1 , which is justified because of 1 − 0 (= 0.0863) 2 − 1 (= 3.3778). Figure 1 (b) shows eigenfunctions of φ 0 (x) and φ 1 (x), which are symmetric and anti-symmetric, respectively, with respect to the origin.
Secondly we include the coupling term H C in Eq. (3). With basis states of φ 0 (x 1 )φ 0 (x 2 ),
and φ 1 (x 1 )φ 1 (x 2 ), the energy matrix of the Hamiltonian of H 0 + H C is expressed by
with Eigenvalues of the energy matrix of H 0 + H C are given by
Corresponding eigenfunctions are given by
where tan 2θ = gγ
We hereafter assume g ≥ 0 [12] . The g dependence of E ν (ν = 0 − 3) is shown in Fig. 2 
is expressed by
Alternatively, the energy matrix of H may be expressed with basis states of Φ 0 , Φ 1 , Φ 2 and Φ 3 in Eqs. (22)- (25) by
In our following analysis, we adopt the energy matrix given by Eq. (28) because it has more transparent physical meaning than Eq. (27). We expand the eigenstate Ψ(x 1 , x 2 , t) of H in terms of Φ ν (x 1 , x 2 ) (ν = 0 − 3) with the time-dependent expansion coefficients a ν (t) as
where expansion coefficients satisfy the relation
The Schrödinger equation: i dΨ(t)/dt = Hψ(t) becomes
from the left side of Eq. (33) and integrating it over x 1 and x 2 , we obtain equations of motion for a µ (t)
With the use of the energy matrix in Eq. (28), equations of motion for a µ (t) become [the argument t in a ν (t) is hereafter suppressed]
When we apply the sinusoidal field given by
Eqs. (36)-(39) become
where f and ω denote magnitude and frequency, respectively, of the applied field.
Rotating-wave approximation (RWA)
In the rotating-wave approximation (RWA) where only terms with (ω − ∆ 10 ) are taken into account in Eqs. (41)- (44), we obtain
For a given initial condition of a ν (t) = a ν (0) at t = 0 (ν = 0 − 3), we obtain the solution of
with
where Ω stands for Rabi's frequency given by
For a later purpose, we may rewrite a 0 (t) and a 1 (t) as
where r 0 , s 0 , r 1 and s 1 are time independent.
B. Various physical quantities
Once time-dependent a ν (t) are obtained from Eqs. (36)-(39) or from Eqs. (55) and (56), we may evaluate various physical quantities such as expectation values, the correlation and concurrence.
(
1) Expectation values
Time-dependent expectation values of x 1 and x 2 are expressed by
Substituting Eqs. (55) and (56) to Eq. (63), the expectation value in the RWA with a 2 (0) = a 3 (0) = 0 is given by
which includes time-dependent components with frequencies of ω±Ω besides ω of the applied field.
(2) Correlation
The correlation Γ(t) is defined by [12] 
which is unity at t = 0.
In the RWA, the correlation is given by
With the use of Eqs. (55) and (56), the correlation in the RWA is expressed by
which consists of components with frequencies of ω, Ω and ω ± Ω. When we take the average of Γ RW A (t) 2 over a long period, oscillating terms vanish and its average becomes
Substituting Eqs. (22)- (25) into Eq. (31), we obtain
with c 00 = a 0 cos θ e −iE 0 t − a 3 sin θ e −iE 3 t ,
where 
In the RWA with a 2 (0) = a 3 (0) = 0, the concurrence is given by
With the use of Eqs. (55) and (56), Eq. (78) becomes
which include contributions from multiple components with frequencies of ω, 2ω, Ω, 2Ω, ω ± Ω, 2ω ± Ω and 2(ω ± Ω). The concurrence averaged over a long period is given by
III. MODEL CALCULATIONS
Assuming the initial ground state given by
we have made numerical calculations by changing model parameters of f , g and ω.
A. f dependence 
C(t)
2 includes superposed oscillations with frequencies of ω, 2ω, Ω, 2Ω, ω ± Ω, 2ω ± Ω and 2(ω ± Ω), as analyzed by the RWA which is expected to be valid for a small f .
B. g dependence
Next we report calculated results when the coupling g is varied. Figure 4 
from their initial values of 1/2 by an applied field. A result of the RWA for f = 0.01 in Fig. 9(e) is in fairly good agreement with that of an exact calculation in Fig. 9(b) . However, Figs. 
which leads to a sinusoidal oscillation with a period of 2π/∆ 10 = 84.55. Figure 10 
B. Step field
Although sinusoidal periodic fields have been so far adopted, we may apply our method to any time-dependent field. As a typical example, we employ a step field given by
where Θ(t) denotes the Heaviside function.
We first try to obtain approximate analytical expressions of a ν (t) (ν = 0 − 3) for an applied step field with the use of the two-level approximation (TLA) where contributions only from two terms of a 0 (t) and a 1 (t) are included. Equations (36)-(39) for t > 0 become 
with Ω s = ∆ and a 1 (0) = a 2 (0) = a 3 (0) = 0 which yield A = −B = −αf / Ω s , solutions are given by
Then |a 0 (t)| 2 and |a 1 (t)| 2 are expressed by superposed oscillations with frequencies of Ω s ± ∆ 10 . 
V. CONCLUSION
We have studied effects of applied fields in quantum coupled DW system with the use of an exactly solvable Razavy's potential [9] . beyond the RWA for the DW system, just as for the TL model [14] [15] [16] [17] . In the present study, we do not take into account environmental effects which are expected to play important roles in real DW systems. These are left as our future subjects.
[
where α and β are given by Eqs. (29) and (30), respectively. Note that in the case of
With the use of Eqs. (34) and (A2), equations of motion for a µ (t) (µ = 0 − 3) become
In the symmetric case of F 1 (t) = F 2 (t) = F (t), Eqs. In the anti-symmetric case of
i da 2 dt = −βF (t) e i∆ 20 t a 0 + αF (t)e −i∆ 32 t a 3 ,
i da 3 dt = αF (t) e i∆ 32 t a 2 .
for which we obtain a 1 (t) = a 1 (0).
When fields are applied only to the first DW system with F 1 (t) = 0 and F 2 (t) = 0, Eqs. 
For applied fields of F 1 (t) = f sin ωt and F 2 (t) = 0 with small f and weak g where a 2 (t) and a 3 (t) are negligible as will be shown shortly, we may take into account only a 0 (t) and x n (n = 1, 2), Γ(t) and C(t) except for cases with very small f and weak g.
